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Abstract In the framework of restricted five bodies prob-
lem, the existence and stability of the libration points are
explored and analysed numerically, under the effect of non–
isotropic mass variation of the fifth body (test particle or
infinitesimal body). The evolution of the positions of these
points and the possible regions of motion are illustrated,
as a function of the perturbation parameter. We perform a
systematic investigation in an attempt to understand how
the perturbation parameter due to variable mass of the fifth
body, affects the positions, movement and stability of the
libration points. In addition, we have revealed how the do-
main of the basins of convergence associated with the libra-
tion points are substantially influenced by the perturbation
parameter.
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1 Introduction
The N−body problem is not only fascinating but also presents
an interesting challenge to the researchers and scientists. In
general the space missions could be designed within frame
of the N−body problem, which can be reduced to three, four
or five–body problem in some cases, etc. The dynamical sys-
tem of restricted five–body problem has a great significance
in celestial mechanics. So many researchers over the world
are currently interested in studying and solving aforesaid
problem, i.e., the restricted five–body problem with various
perturbation forces. The restricted five–body problem pri-
marily takes into account a fifth body referred as the test par-
ticle with negligible mass, which does not influence the mo-
tion of four primaries moving in circular orbits around their
common center of mass. This problem is a simple extension
of four–body problem. Some of work are available on the
planar central configuration of N−bodies with N = 4,5 and
7, see for details (10), (15), (12).
The history of restricted problem of N−bodies start with
Euler and Lagrange where they discussed the restricted prob-
lem for N = 3. The collinear central configuration was in-
troduced by Euler, whereas triangular central configuration
was introduced by Lagrange. The central problem deals with
determination of the geometric configuration for N−point
masses interacting in gravitational fields. Till date an an-
alytical solution for this N−body (N ≥ 3) problem is not
available. Many results have been published and put forward
by a number of researchers with various perturbations like
oblateness or triaxial of the primaries(e.g.,(7) (4), (3), (11))
the radiation pressure effects (e.g., (25)), effect of the Corio-
lis and centrifugal forces (e.g., (8)), the restricted three body
problem with variable mass (e.g., (17), (9), (2)) and many
others in the context of restricted three–body problem (e.g.,
(6), (5), (26)).
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In spite of all these facts, the problem involving N ≥ 3 is
still interesting and open burning topic of research. The var-
ious surprising results in the study of restricted problem of
three bodies paved the path and motivated researchers to ex-
tend this dynamical model into restricted four and five–body
problem. However, as we move on the restricted four and
five–body problem from the restricted three–body problem,
the complications and challenges increase manifold. Some
of the notable study in the context of restricted four–body
problem with various perturbations are (e.g., (19), (22)), with
oblateness of the primaries (e.g., (24), (21)), effect of the
Coriolis and centrifugal forces (e.g., (18), (20), (1)), effect
of variable mass (e.g., (13), (14)).
The restricted problem of five bodies was introduced by
(16), where he discussed the motion of the fifth body of neg-
ligible mass, in comparison to remaining four bodies. His
mathematical model was described as follows: three equal
masses primaries moving around their gravitational center
in circular orbit under their mutual gravitational attraction
were taken on the same plane whereas, a mass of β > 0
times, the mass of one of the three primary bodies is sup-
posed at the center of mass. The presented mathematical
model of five–body problem reduced to the restricted four–
body problem for particular value of β = 0. His study un-
veils the fact that there exist nine libration points in total in
which three are stable for β > 43.18, on the other hand all
these nine libration points are linearly unstable for smaller
values of β .
In continuation of Ollo¨ngren, (15) have introduced the
effect of radiation pressure due to some or all of the four pri-
maries and explored numerically that the number of collinear
libration points of this dynamical system depends on mass
parameter, as well as on the radiation pressure. Most re-
cently, (27) have investigated the basins of convergence as-
sociated with the libration points by using multivariate ver-
sion of Newton–Raphson iterative scheme in the restricted
five–body problem. The numerical simulation has been pre-
sented to explore the behaviour that how the libration points
(which act as attractors) of the system attract the initial con-
ditions, always referred as nodes lying on the configuration
plane and constitute a domain of basins of convergence. The
author has emphasised that the geometry of the basins of
convergence is highly influenced by the mass parameter.
The aforementioned literatures provide us an idea to in-
troduce the effect of variable mass in the frame of five–body
problem. The effects of variable mass in three or four–body
problem have explored various new results and facts, there-
fore, the study of the effect of variable mass within the frame
of five–body problem is novel and worth study in spite of
lots of complications.
Fig. 1 The planar configuration of the circular restricted five–body
problem. The blue dots shows the positions of the four primary bodies.
The manuscript is prepared as follows: A literature re-
view within frame of N−bdy problem is stated in Section 1,
but the most important properties and equations of motion
for five–body problem are discussed in Section 2. In Sec-
tion 3, the main numerical results regarding the parametric
evolution of the positions of libration points are presented,
while in Section 4 the stability of these points is studied.
The most intrinsic properties of the dynamical system of
restricted five–body problem have been revealed by using
the Newton-Raphson basins of convergence in Section 5. Fi-
nally, discussion and conclusion are drew in Section 6.
2 Structures of equations of motion
The dynamical system of studying is the circular restricted
five–body problem. This problem consists of four primaries
Pi, i = 0,1,2,3 which move in circular orbit around their
common center of mass. We, further, supposed that the fifth
body whose mass is too small in comparison to masses of
the primaries, and its mass is not constant on the contrary
its mass varies with respect to time. In this context the fifth
body (test particle) dose not affect on the motion of the four
primaries.
In the planar motion of the test particle, we choose the
rotating frame of reference where the origin coincides with
the center of mass of the primaries. The positions of the cen-
ter of the primaries are: (u0,v0)=(0,0), (u1,v1,w1)=(1/
√
3,0,0),
(u2,v2,w2)=(−1/2
√
3,1/2,0), and (u3,v3,w3)= (−1/2
√
3,−1/2,0),
while the dimensionless masses of the primaries are m0 =
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βm∗, m1 = m2 = m3 = m∗ = 1. In addition, the three pri-
maries with mass m∗ are situated at the vertices of an equi-
lateral triangle whose side is unity, while the fourth primary,
with mass βm∗, is situated at the center of the equilateral
triangle.
According to (16), and (27), in the synodic coordinates
system, the effective potential function of the circular re-
stricted five–body problem is given as:
Ω ∗ = k
3
∑
i=0
mi
ρi
+
1
2
(
u2+ v2
)
, (1)
where k = 1/3(1+β
√
3) and
ρi =
√
(u−ui)2+(v− vi)2+(w−wi)2, i = 0,1,2,3.
are the distances between the respective primaries and test
particle.
The equations of motion for a test particle, with dimen-
sionless variables in a rotating coordinates system in which
the primary m1 is fixed on the Ou–axis, are read as:
(u¨−2v˙)+nm˙
m
(u˙− v) =Ω ∗u , (2a)
(v¨+2u˙)+n
m˙
m
(v˙+u) =Ω ∗v , (2b)
w¨+n
m˙
m
w˙ =Ω ∗w, (2c)
where Ω ∗u ,Ω ∗v and Ω ∗w are partial derivatives of the effective
potential given in Eq. (1).
Moreover, the Jeans’ law states that dm/dt = −αms,
where α is a constant coefficient and 0.4 ≤ s ≤ 4.4. Ac-
quainting the space–time transformations which read as:
u = γ−qx, v = γ−qy, w = γ−qz, dt = γ−kdτ,
where γ =m/minit , minit is the mass of the test particle at the
initial time i.e., t = 0. Adopting the procedure given by (17)
and (9), to free the equations of motion of the test particle
from the factor which depends upon the variation of mass, it
is sufficient to set s= 1,q= 12 ,k = 0. Therefore, the compo-
nents of velocity and acceleration can be read as:
γ
1
2 u˙ = x
′
+
1
2
αx, (3a)
γ
1
2 v˙ = y
′
+
1
2
αy, (3b)
γ
1
2 w˙ = z
′
+
1
2
αz, (3c)
γ
1
2 u¨ = x
′′
+αx
′
+
1
4
α2x, (3d)
γ
1
2 v¨ = y
′′
+αy
′
+
1
4
α2y, (3e)
γ
1
2 w¨ = z
′′
+αz
′
+
1
4
α2z, (3f)
where
(′) =
d
dτ
, (.) =
d
dt
, and
d
dt
=
d
dτ
.
Using Eqs. (3a–3f) into Eqs. (2a–2c), we get
(x¨−2y˙)−α(n−1)x˙+α(n−1)y =Ω ∗∗x , (4a)
(y¨+2x˙)−α(n−1)y˙−α(n−1)x =Ω ∗∗y , (4b)
z¨−α(n−1)z˙ =Ω ∗∗z , (4c)
where
Ω ∗∗ = kγ
3
2
3
∑
i=0
mi
ri
+
α2
8
(2n−1)
(
x2+ y2+ z2
)
+
1
2
(
x2+ y2
)
,
ri =
√
(x− xi)2+(y− yi)2+(z− zi)2,
x0 = 0,x1 =
γ
1
2√
3
=−2x2 =−2x3,
y0 = y1 = 0,y2 =
γ
1
2
2
=−y3,
zi = 0, i = 0,1,2,3.
The Eqs. (4a–4c) describe the equations of motion of the
fifth body where the variation of mass of the fifth particle
is non-isotropic. Further, it is supposed that the variation of
mass is from the entire surface (i.e., from n distinct points),
and the ejaculation from or fall of masses to the surface has
zero momentum in the circular restricted five-body problem.
Furthermore, when we consider the case that the variation of
the mass emanate from one point only (i.e., n = 1), thus, the
equations of motion given by Eqs. (4a–4c) read as:
x¨−2y˙ =Ωx, (5a)
y¨+2x˙ =Ωy, (5b)
z¨ =Ωz, (5c)
where
Ω = kγ
3
2
3
∑
i=0
mi
ri
+
α2
8
(
x2+ y2+ z2
)
+
1
2
(
x2+ y2
)
,
Ωx =−kγ 32
3
∑
i=0
mix˜i
r3i
+
(
1+
α2
4
)
x,
Ωy =−kγ 32
3
∑
i=0
miy˜i
r3i
+
(
1+
α2
4
)
y,
Ωz =−kγ 32
3
∑
i=0
miz˜i
r3i
+
α2
4
z,
x˜i = x− xi, y˜i = y− yi, z˜i = z− zi.
In the same vein, the 2nd−order partial derivatives which
will be used to discuss the linear stability of the obtained
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libration point can be written as:
Ωxx = −kγ 32
3
∑
i=0
(
mi
r3i
− 3mix˜
2
i
r5i
)
+
(
1+
α2
4
)
, (6a)
Ωyy = −kγ 32
3
∑
i=0
(
mi
r3i
− 3miy˜
2
i
r5i
)
+
(
1+
α2
4
)
, (6b)
Ωzz = −kγ 32
3
∑
i=0
(
mi
r3i
− 3miz˜
2
i
r3i
)
+
α2
4
, (6c)
Ωxy = kγ
3
2
3
∑
i=0
3mix˜iy˜i
r5i
=Ωyx, (6d)
Ωxz = kγ
3
2
3
∑
i=0
3mix˜iz˜i
r5i
=Ωzx, (6e)
Ωyz = kγ
3
2
3
∑
i=0
3miy˜iz˜i
r5i
=Ωzy. (6f)
3 Equilibrium points
The equilibrium point exists if and only if the following con-
ditions hold:
x˙ = y˙ = z˙ = x¨ = y¨ = z¨ = 0.
Similar to the mass parameter of the classical restricted three–
body problem, we can take a mass parameter µ = 1/(1+β )
to compare them. Therefore, we have µ ∈ (0,1] when β ∈
[0,∞).
3.1 The libration points in configuration (x,y)−plane
In this subsection, we restrain our analysis only to the equi-
librium points which lie on the (x,y)−plane, when z = 0.
The associated positions (x0,y0) of the libration points can
easily be found by solving numerically the system of the
1st−order partial derivative equations i.e., Eqs. (7) appended
below:Ωx(x,y,z)|(z=0) = 0,Ωy(x,y,z)|(z=0) = 0. (7)
The total number of the equilibrium points location, in the
circular restricted five–body problem in classical case, de-
pend on the mass parameter µ (see (27)). Moreover, the
number of the libration points vary for critical value of the
mass parameter(i.e., µ∗= 0.98617275). Therefore, when we
have taken the mass of the test particle as variable, we will
explore how the number and positions of the equilibrium
points are effected by the parameters α as well as γ .
From Table (1), it is revealed that the critical value µ∗
changes, i.e., the interval in which 9 libration points exist
decreases and obviously the length of interval which contain
15 libration points increases when α increases.
µ µ∗ α Libration points
(0,µ∗) and [µ∗,1) 0.95353029 2 9 and 15
(0,µ∗) and [µ∗,1) 0.97290121 1.5 9 and 15
(0,µ∗) and [µ∗,1) 0.98510106 0.5 9 and 15
(0,µ∗) and [µ∗,1) 0.98617275 0 9 and 15
Table 1 The number of libration points when α varies.
The positions of the equilibrium points can be illustrated
by the intersections of the equations Ωx = 0, and Ωy = 0.
In Fig. 2 (a – b), we have shown how the above mentioned
equations nail, in every case, the positions of the equilibrium
points, for (a): µ = 0.005 and (b): µ = 0.96353029 with
fixed value of α = 2 and γ = 0.4. Moreover, in the corre-
sponding panels of the figures, we depicted the numbering,
Li, i = 1, ...,9 or 15, of all the libration points.
The parametric evolution of the locations of the copla-
nar [i.e., on (x,y)−plane] equilibrium points are presented
in Fig. (3), whereas in Fig. (4) positions of the out–of–plane
[i.e., on the (x,z)−plane] libration points are illustrated. In
Fig. (3 a), the movement of the position of libration points is
shown for fixed value of α = 2,γ = 0.4 and varying values
of parameter µ ∈ (0,1], whereas in Fig. (3 b), this movement
is shown for fixed value of µ = 0.987,γ = 0.4 and varying
values of α ∈ (0,2.2]. From Fig. (3 a), we have observed that
when the parameter µ is just above zero, the libration points
L1,6,7 emerged in the vicinity of primaries P1,2,3 respectively,
and the libration points L1,8,9,11,12,13 collide with the origin
for µ = 1. If we compare our analysis with Fig. (3) of (27),
it is concluded that the three libration points L1,8,9 do not
emerge in the vicinity of the primaries when the parameter
α due to variable mass is introduced. It is also noticed that
all the libration points germinates with the axes of symmetry
y= 0,y=
√
3γ and y=−√3γ . Moreover, the movement of
the positions of all libration points is same as in Fig. (3) of
(27).
In Fig. (3 b), we have observed that the movement of the
positions of the equilibrium points L2,3,4,5,6,7 is reversed (as
these points move far from the primary P0 along the line
of symmetry when µ increases, see Fig. (3 a) and it started
to move toward the primary P0 along the line of symmetry
when α increases. In addition, the change in the libration
points L1,8,9 is negligible whereas L10,14,15 move away from
primary P0 as α increases.
3.2 Out–of–plane libration points
In this subsection, we continue our analysis with the out–of–
plane equilibrium points, i.e., the libration points which lie
on (x,z)−plane (y = 0). By solving numerically the system
of 1st−order derivative equations, with a help of Eqs. (8), we
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Fig. 2 Positions (black dots) and numbering of the equilibrium points (Li, i = 1, ...,9or15) through the intersections of Ωx = 0 (green) and Ωy = 0
(blue), when (a–left):µ = 0.005, α = 0.2 and γ = 0.4 (nine equilibrium points), and (b–right): µ = 0.96353029, α = 2 and γ = 0.4 (fifteen
equilibrium points). The blue dots denote the centers (Pi, i = 0,1,2,3) of the primaries.
Fig. 3 The parametric evolution of the positions of the libration points, Li, i = 1, ...,9or15, in the restricted five–body problem with variable
mass: (a) when µ ∈ (0,1]. The arrows indicate the movement direction of the libration points as the value of the mass parameter increases. The
big blue dots pinpoint the fixed centers of the primaries, while the small black, red and pink dots (points A, B, and C) correspond to µ → 0,
µ = µ∗ = 0.95353029, and µ = 1, respectively with α = 2 and γ = 0.4, (b) when µ = 0.987, γ = 0.4, and α ∈ (0,2.2]. (colour figure online).
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Fig. 4 The parametric evolution of the positions of the out–of–plane
libration points, Lz1 , and Lz2 , in the restricted five–body problem with
variable mass when µ = 0.9862727,γ = 0.4 and α ∈ (0,2.2]. The ar-
rows indicate the movement direction of the libration points as the
value of the mass parameter increases. The big blue dots pinpoint the
fixed centers of the primaries. (colour figure online).
obtainΩx(x,y,z)|(y=0) = 0,Ωz(x,y,z)|(y=0) = 0, (8)
we can determine the locations of the out–of–plane equilib-
rium points. The intersections of the equations Ωx = 0, and
Ωz = 0 describe the locations of these equilibrium point. In
Fig. (4), the parametric evolution of the locations of the li-
bration points on (x,z)−plane, when α ∈ (0,2.2], is illus-
trated for pre defined value of the parameter µ = 0.9862727,
γ = 0.4 and varying value of α ∈ (0,2.2]. As the value of
the parameter α > 0 increases, a pair of symmetrical (with
respect to x−axis) out–of–plane libration point namely Lz1
and Lz2 appear on the z−axis. In addition, these equilibrium
points move towards the central primary P0 as the parameter
α increases. Finally, it is unveiled that the libration points
always lie on coordinates axes (x,z).
4 Stability of libration points
The dynamical systems which describe the restricted five–
body problem are developed, but they do not provide a con-
cise characterization relating to the fifth body motion. The
measurements process and the behaviour of dynamical mo-
tion of these systems are affected by the parameters variation
or the state variables which give an exact definitions of the
initial conditions. In addition, there is an extra difficulty to
find a solution for these systems directly, for any parameter
selection from a specific measurements set. Regard to the
large complexity that included in these systems, our atten-
tions are paid to linearize the dynamical system in Eqs. (5a
– 5c) to obtain more simple dynamical system that can be
used to underline the features of fifth body motion and its
dynamical characterizations. To understand and investigate
the dynamics of possible motion of the fifth body in the
proximity of libration points, the equations of motion, we
have linearized Eqs. (5a – 5c) along the initial state vector.
Thereby, we expand their right hand-side around the equi-
libria points. Hence, the obtained linear system is called the
variational equations. Applying the procedure of (13; 14),
we shall give displacements in (x0,y0,z0) as:
x = x0+ ε1, y = y0+ ε2, z = z0+ ε3,(ε1,ε2,ε3 << 1)
where (x0,y0,z0) denote the position of equilibrium point for
a fixed value of time t. The associated variational equations
can be written as:
ε¨1−2ε˙2 = (Ωxx)0ε1+(Ωxy)0ε2+(Ωxz)0ε3,
ε¨2+2ε˙1 = (Ωyx)0ε1+(Ωyy)0ε2+(Ωyz)0ε3,
ε¨3 = (Ωzx)0ε1+(Ωzy)0ε2+(Ωzz)0ε3, (9)
where the subscript ‘0’ in Eqs. 9 associated with the values
of 2nd−order partial derivatives of Ω evaluated at the libra-
tion point (x0,y0,z0) under consideration. The problem of
constant mass can be easily obtained by taking α = 0 in the
problem of variable mass.
Applying the procedure and transformations given in (13;
14), the characteristic equation of the coefficient matrix is
written as
λ 6 − 3αλ 5+
(
15
4
α2+φ1
)
λ 4−
(
5
2
α3+2φ1α
)
λ 3
+
(
15
16
α4+
3
2
φ1α2+φ2
)
λ 2−
(
3
16
α5+
1
2
φ1α3
+φ2α
)
λ +
(
1
64
α6+
1
16
φ1α4+
1
4
φ2α2+φ3
)
= 0,(10)
where
φ1 = 4− (Ωxx)0− (Ωyy)0− (Ωzz)0,
φ2 = (Ωxx)0(Ωzz)0+(Ωyy)0(Ωzz)0+(Ωxx)0(Ωyy)0−4(Ωzz)0
−[(Ωxy)0]2− [(Ωxz)0]2− [(Ωyz)0]2,
φ3 = −(Ωxx)0(Ωyy)0(Ωzz)0+(Ωzz)0[(Ωxy)0]2
+(Ωyy)0[(Ωxz)0]2+(Ωxx)0[(Ωyz)0]2−2(Ωxy)0× (Ωxz)0(Ωyz)0,
the values of (Ωxx)0, (Ωyy)0, (Ωzz)0, (Ωxy)0, (Ωxz)0 and
(Ωyz)0 are given by the Eqs. (6a – 6f).
If the exact positions of the in plane [i.e., on (x,y)−plane]
and out–of–plane [i.e., on (x,z)−plane] libration points are
denoted by (x0,y0,0) and (x0,0,z0), respectively, then we
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can easily decide the linear stability of these libration points
by determining the nature of the roots of the characteris-
tic equation [i.e., Eq. (10)]. We have numerically determined
the linear stability of the libration points for various combi-
nation of the parameters, and found each libration point is
unstable.
5 Basins of convergence
In spite of various available iterative scheme to solve the
system of non–linear equations, the Newton–Raphson itera-
tive scheme has considered as one of the most enthralled as
well as precise iterative method to solve these equations. We
can solve the system of multivariate functions F(x) = 0 by
applying the multivariate iterative scheme appended below:
xn+1 = xn− J−1 f (xn), (11)
where f (xn) represents the system of equations, while J−1
represents the corresponding inverse Jacobian matrix [see
Eq. (11)]. In the recent time, the study of the basins of con-
vergence by using the multivariate version of the Newton–
Raphson iterative scheme are present in various dynamical
system (e.g., (22), (23), (28), (29)). In our system, we have
three equations, i.e., Ωx = Ωy = Ωz = 0. It can be noticed
that the Newton–Raphson iterative scheme is applicable in
system of three equations but it is very complicated. There-
fore, to make the iterative scheme simple, we have bifur-
cated our study into two part: the libration points on (x,y)−
plane and the out–of–plane libration points which lie on
(x,z)− plane. Thus, the bivariate Newton–Raphson iterative
scheme can be used on the system:
Ωx(x,y,0) = 0,
Ωy(x,y,0) = 0.
Moreover, the iterative formulae for the (x,y) plane can be
written as:
xn+1 = xn− ΩxnΩynyn −ΩynΩxnynΩxnxnΩynyn −ΩxnynΩynxn
, (13a)
yn+1 = yn+
ΩxnΩynxn −ΩynΩxnxn
ΩxnxnΩynyn −ΩxnynΩynxn
. (13b)
In the same vein, the bivariate Newton-Raphson iterative
scheme can be used on the system:
Ωx(x,0,z) = 0,
Ωz(x,0,z) = 0.
Therefore, the iterative formulae for the (x,z) plane is read
as:
xn+1 = xn− ΩxnΩznzn −ΩznΩxnznΩxnxnΩznzn −ΩxnznΩznxn
, (14a)
zn+1 = zn+
ΩxnΩznxn −ΩznΩxnxn
ΩxnxnΩznzn −ΩxnznΩznxn
. (14b)
where the values of x,y and z coordinates at the n−th step
of the iterative scheme are xn,yn and zn respectively, in the
Newton–Raphson scheme, See Eqs. (13a, 13b, 14a and 14b).
Moreover, the corresponding partial derivatives of the poten-
tial function are represented by the subscripts of Ω(x,y,z).
In this subsections, we discuss how the parameter α af-
fects the topology of the domain of the basins of conver-
gence in the restricted problem of five bodies with variable
mass by taking two cases with respect to the type of plane.
The color coded diagrams are used to classify the nodes on
the different type of plane where each pixel is associated
with unlike color, corresponding to the final attractor of the
linked initial conditions.
The used iterative scheme, ie., Newton–Raphson method,
works under the following philosophy: the initial conditions
(x0,y0) or (x0,z0) activates the iterative scheme, which ends
when the iterative procedure reached to one of the equilib-
rium point (attractor) with predefined accuracy. We assume
that the numerical method converges for a particular initial
condition if it results to one of the equilibrium points of the
system for that particular initial condition. The collection of
all the initial conditions, which converge to same attractors,
compile the basins of convergence or attracting regions.
To reveal the topology of the basins of convergence, a
double scan of the (x,y) and (x,z)−planes is performed.
Moreover, in each plane, we specify a dense grid of 1024×
1024 nodes to be used as an initial conditions of the Newton–
Raphson iterative method. The maximum number of itera-
tions for the iterative scheme is set to Nmax = 500, whereas,
the iterative scheme stop only when an attractor is reached,
with predefined accuracy of 10−15.
5.1 Results for the (x,y)− plane
In this case, where µ = 0.986173, there exist fifteen equi-
librium points in which five are collinear and ten are non-
collinear. The domain of the basins of convergence for the
four values of parameter α are depicted in Fig. (5). It is un-
veiled that the domain of the basins of convergence, linked
with the fifteen equilibrium points, have infinite extent, which
together resemble with the shape of butterfly wings. More-
over, it is observed that the whole pattern, i.e., the overall
geometry of the configuration plane compiled of different
basins of convergence shrinks rapidly as the value of param-
eter α increases. Moreover, the neighbourhood of the basins
boundaries are highly chaotic which are composed of mix-
tures of initial conditions. It is unveiled that the topology
of the basins of convergence is not very sensitive with the
change in the parameter α , however these basins boundaries
changes rapidly with the change in the mass parameter µ
(see,(27)).
The some of the notable change can be summarized as
follows:
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Fig. 5 The basins of attraction for fixed value of γ = 0.4 and µ = 0.986173. (a) α = 0.2; (b) α = 0.75; (c) α = 1.5; (d) α = 2. The color code for
the libration points L1,...,L15 is as follows: L1(green); L2(red); L3(blue); L4(magenta); L5(orange); L6(indigo); L7(brown); L8(cyan); L9(yellow);
L10(pink); L11(fluorescent green); L12(purple); L13(olive); L14(teal); L15(crimson); and non–converging points (white). (colour figure online).
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Fig. 6 The out-of-plane basins of attraction for fixed value of γ = 0.4 and µ = 0.9862727. (a) α = 0.2; (b) α = 0.75; (c) α = 1.5; (d) α = 2.
The color code for the libration points is as follows: L1(red); L2(magenta); L3(yellow); L10(pink); L11(fluorescent green); Lz1 (blue); Lz2 (cyan); and
non-converging points (white). (colour figure online).
- The domain of the basins of convergence associated with
the equilibrium points L2,6,7 look like the exotic bugs
with many legs and antennas which exists in the interior
region.
- Three butterfly wings shaped region originates in the
neighbourhood of the boundary of the interior regions
whose extent is infinite. These three butterfly wings are
composed of the initial conditions in which each wings
is mostly occupied by those initial condition which con-
verges to L10,11, L12,14 and L13,15, respectively.
- We observed that the boundary of the interior region is
highly chaotic which is composed of the initial condi-
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Fig. 7 The out-of-plane basins of attraction for fixed value of γ = 0.4 and µ = 0.05. (a) α = 0.2; (b) α = 1.25. The color code for the libration
points is as follows: L1(red); L2(magenta); L3(yellow); Lz1 (blue); Lz2 (cyan); and non-converging points (white). (colour figure online).
tions, therefore it is inconceivable to anticipate which
initial condition will converge to which of the attractors.
- The whole (x,y)−plane is occupied by the initial condi-
tion which converges to L1, L8, and L9 (see, green, cyan
and yellow regions) except the interior region and three
butterfly wings. Moreover, these three regions are sym-
metrical with respect to x−axis.
- It is observed that as we increase the value of the param-
eter α , the anterior wing i.e., near the boundary of the
interior region becomes flatter.
5.2 Results for the (x,z)− plane
In this subsection, we discuss the results obtained by numer-
ical simulation with the (x,z)−plane where all the out–of–
plane libration points lie. The topology of the basins of con-
vergence linked with the out–of–plane equilibrium points is
illustrated in Figs. (6, 7). We may observe that the (x,z)−plane
is covered by several well formed basins of convergence
with infinite extinct. In Fig. (6) ( for µ=0.9862727), the basins
of convergence are plotted for four specific increasing val-
ues of parameter α . The most notable changes which are
associated with the (x,z)−plane for the increasing values of
α can be summarized as follows:
– The area of the domain of basins of convergence, linked
with the collinear libration points L2,3 decreases and L1,10,11
increases rapidly, while the area of the domain of basins
of convergence associated with the out–of–plane equi-
librium points Lz1,z2 decreases rapidly.
– The shape of the domain of the basins of convergence
linked with the equilibrium points changes drastically
when the value of parameter α increases.
– The domain of basins of convergence linked with the
out–of–plane libration points are symmetrical with re-
spect to x−axis.
– The domain of the basins of convergence connected to
equilibrium points L2,3 converted into exotic bugs shaped
region with many legs and antenna for the extremely
large value of α .
In Fig. (7) (for µ = 0.05), the basins of convergence are il-
lustrated for two increasing values of parameter α . We can
observe that the geometry of the basins of convergence alters
drastically with the increase in parameter α . For this value
of mass parameter µ there exist only three collinear equilib-
rium points, moreover, in this case the extent of the domain
of basins of convergence linked with equilibrium points are
also infinite. We may observe that as the value of the pa-
rameter α increases, the domain of the basins of conver-
gence connected with the out–of–plane equilibrium points
decreases rapidly and now (see Fig. (7 b) these domain of
the basins of convergence looks like butterfly wings. More-
over, these butterfly wings shaped regions are separated by
a thin strip which is composed of highly chaotic mixtures of
initial conditions. As we increase the value of the parameter
α , it is observed that the domain of the basins of conver-
The analysis of restricted five–body problem within frame of variable mass 11
gence connected with the equilibrium points L1 (red color)
and L2 (yellow color) increase rapidly and hence the domain
of basins of convergence linked with the out–of–plane equi-
librium points Lz1 and Lz2 decreases.
6 Discussion and conclusions
The existence and stability of the equilibrium points in the
circular restricted five–body problem are studied numeri-
cally, when the mass variation of the fifth body is non–isotropic.
In this context the domain of basins of convergence con-
nected with these points, in-plane and out-of plane is studied
and investigated too. Specifically, we have also numerically
explored that how the parameters α and µ influences the
positions and the linear stability of the libration points.
The multivariate version of the Newton-Raphson itera-
tive method is used to discuss the influence of parameter
α on the geometry of the domain of basins of convergence
on the configuration (x,y)−plane and (x,z)−plane. We may
argue that these attracting domain provides various infor-
mation as they describe how the points on the configura-
tion (x,y)−plane and (x,z)−plane are attracted by attractors
which are the libration points of the dynamical system. We
successfully managed to supervise how the domain of con-
vergence evolves as the function of the parameter α .
In addition the important results can be summarized as
follows:
– The existence and the total number of the libration points
depends strongly on the parameter α .
– The length of the interval which contains nine libration
points decreases while the length of interval which con-
tain fifteen libration points increases with the increase in
the value of parameterα .
– The critical value of mass ratio µ∗ is function of param-
eter α
– For the value of the parameter α > 0, a pair of sym-
metrical (with respect to x−axis) out–of–plane libration
points exist on the z−axis which move towards the pri-
mary P0 as the parameter α increases.
– The stability analysis revealed that none of the libration
points in either (x,y)−plane or in (x,z)−plane are lin-
early stable when the mass of the test particle is variable
while some of the libration points i.e., L3,4,5 were stable
in classical circular five–body problem (see, (27)) for the
very small values of mass parameter.
– The domain of convergence corresponding to the libra-
tion points in the configuration (x,y)−plane, extend to
infinity, in all the studied values of the parameters. In
addition, the convergence diagrams of the studied sys-
tem maintained symmetry on the (x,y)−plane along the
line x = 2pi/3 .
– The attracting domains, associated to out–of–plane equi-
librium points also extend to infinity, in all the men-
tioned cases. In this case, the domain of convergence on
the (x,z) plane is symmetrical about the x−axis.
– The categorisation of the nodes on the (x,y)− and (x,z)−
planes revealed that none of the points are non–converging
in nature, however for the very close value of mass pa-
rameter µ to the critical value µ∗, it is observed that
some of these nodes are very slow converging initial
conditions.
Finally, we would like to refer to the whole numerical
calculation and the associated graphical illustration are con-
structed by the codes of Mathematica software. We may ar-
gue that the presented numerical analysis and discussed re-
sults may be very useful in the context of the basins of con-
vergence in dynamical systems. It is worth studying the sim-
ilarities and the differences, associated with the domains of
the basin of convergence in the five–body problem with vari-
able mass by applying various other iterative schemes other
than the Newton-Raphson iterative method.
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